This paper investigates the influence of wheel defects on the development of rail defects up to a state where rail prompt replacement becomes necessary taking into account different models of the dynamic contact between a wheel and a rail. In particular, the quasistatic Hertz model, the linear elastic model, the elastoplastic Kilchevsky model, the elastoplastic Aleksandrov-Kadomtsev model, the viscoelastic model with unloading, and the viscoelastic model with the Riemann-Liouville fractional derivatives are used for the analysis. During the motion of a railway vehicle, the wheel pair position in relation to rails changes significantly, which causes various combinations of wheel-rail contact areas. Even provided the constant axial load, the normal stresses will substantially change due to the differences in the radii of curvature of contact surfaces of these areas, as well as movement velocities of railway vehicles.
Introduction
Analysis of rail defects in railroad tracks reveals that the most substantial rail defects among detected are operational defects which occur due to the influence of a moving railway vehicle on rails and appear as hairline cracks, delamination and flaking of the rail head material (code 10.1-2, 11.1-2 according to [1] ). It is known [1, 2] that during railway operation defects of the codes 10.1-2 and 11.1-2 lead directly to defective rails of the codes 30G.1-2, 30V.1-2 and 21.1-2, which have to be eliminated immediately after their detection [1] [2] [3] [4] . Horizontal delaminations of the rail head appear due to the presence of nonmetallic impurities (defect of the code 30G.1-2) and transverse cracks, which are visible as light and dark spots in the rail head. Figure 1 shows the fractures formed due to the insufficient contact fatigue strength of the metal material (defect of the code 21.1-2) and welding joints (defect of the code 26.3).
Some defects of wheel pairs and rails
Substantial contact stresses between a wheel and a rail arise under large axial loading and high-speed movement of a railway vehicle [3, 4] . The contact area under extreme, alternating forces, which cause permanent plastic deformations of the microstructure, is only several millimeters large and rail hardening takes place. Therefore the main safety precaution is to avoid the transition of rails with defects of the codes 10.1-2 and 11.1-2 into fatal defects by carrying out so called rail improvement, which includes weld deposition and rail grinding provided that the defect sizes do not exceed the critical parameters and velocities of railway vehicles are not limited. rail head evident as a light or dark spot caused by either internal or external longitudinal cracks, which were formed due to the insufficient contact fatigue strength of the metal material and which led to the rail breakdown after passing of the warranted tonnage outside of the joining point; d) Defect of the code 26.3 -Transverse cracks in the rail head caused by violation of the joint welding procedure and processing of the welding joints, which led to the rail breakdown after passing of the warranted tonnage in the joining point.
Defects of the rail and models of contact
According to the investigations of the Joint Stock Company Railway Research Institute (JSC "VNIIZhT") [3, 4] , internal transverse or longitudinal cracks appear in the rail head of new railways at a depth of 3 to 14 mm from the tread surface (at axial load of rail cars of 150-250 kN) in the area of nonmetallic impurities, where a high concentration of sign-variable contact stresses is observed. The stress concentrators are located along rails and form microcracks under the influence of wheels of a moving railway vehicle and not necessarily result in formation of internal longitudinal cracks that demand the rail replacement. The following are the reasons for the similar formation and development of the microcracks: incorrect canting of rails and/or wheel defects caused by tread surface irregularities. This leads to the vertical wheel oscillations, as a result of which inertia forces appear in the wheel mass, which in their turn cause additional load on the rails. If this occurs, the impact of a moving wheel with isolated irregularities of the tread surface (i.e. flat spot) takes place, which has a very strong additional influence on the rail.
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Alexey A. Loktev et al. Figure 2 represents the scheme of a wheel with isolated roughness, i.e. wheel flat, where ln , hn -the length and depth of a flat spot; r -the radius of the rolling circle of the wheel; zk -the axis of ordinates of wheel pair trajectory; lпз -the length of the flat spot; Х -the coordinate along the railway path axis; Х АВС -the trajectory of a wheel pair. 
Contact problem
In the case the flat spot at a wheel surface is found, its depth has to be determined. The shape of the contact area and contact stresses, which can be represented as a distributed load applied along the contact surface, depend on the shape of contact bodies. Neglecting the conical nature of wheel-rail contact we assume for the analysis that the contact between a wheel and a rail can be represented as the contact between two cylinders -one is located perpendicular to the other one.
In the general case the area of the wheel-rail contact has an ellipsoidal shape, which is illustrated in Fig. 2 . Thus, the normal stresses at the wheel-rail boundary depend on the wheel load on the rail, radii of the tread surfaces between wheel and rail and properties of interacting materials.
In this case different contact models can be applied for the analysis, i.e., the quasistatic Hertz model, the linear elastic model, two elastoplastic contact models: the Aleksandrov-Kadomtsev model and the Kilchevsky model, the viscoelastic model with an exponential kernel of relaxation, the aggregated model based on the Hertz model and the unloading curve, and the viscoelastic model with the Riemann-Liouville fractional derivatives [5] [6] [7] [8] [9] [10] .
1) The quasistatic Hertz model [5, 7, 9] 
2) The linear elastic model [7, 9, 11] -
3) The viscoelastic model [11] 
4) The elastoplastic Kilchevsky model [7, 8, 10] 
5) The elastoplastic Aleksandrov-Kadomtsev model [7, 8, 10]       23 max 1
6) The model where the force of interaction is divided into loading and unloading steps [12, 13] . For a loading step -(1), for an unloading 
7) The viscoelastic model with the Riemann-Liouville fractional derivatives [12, 14] 
In the expressions (1) - (7),  is the local deformation of wheel and rail materials, k -the coefficient depending on the geometry of contact bodies and elastic properties of their materials, E1 -the elasticity modulus of the area of wheel-rail interaction, w -the displacement of the lower edge of the rail, =5. 
Computational scheme
The contact force is related with displacements of the points of the top structure of railways in the point of interaction by a following functional equation [5, 7, 12]     
where       y t t w t    the full displacement of the contact body (wheel and rail), by means of which a load is passed on the flat target in the direction of the interaction, m -the wheel's mass, t -time elapsed from the moment of contact of the wheel and the rail, t1 -the integration variable.
Time dependencies (t) and P(t) are determined by solving the contact problem (1) - (7), the results of which are combined with the results of solution of the wave problem. The solution of equation (8) 
After the substitution of the expressions for vertical displacement of the top structure of a railway track [8, 10] at a given point and local deformation (1) - (7), in equation (8) we obtain a nonlinear integro-differential equation for the force of interaction, which can be solved using iterative computational algorithm [2, 7, 8] . This procedure is mostly often used while representing unknown quantities in the form of expansions in a series of time and spatial coordinates [5, 9, 12] .
Here for a final solution of the described problem and for acquiring graphical or tabular time dependencies of desired characteristics of the railway track's deformation we use the following relations [7, 9, 11] : 
Defects of the rail and models of contact
The numerical procedure described above can be implemented using both existing mathematical packages, standard features of programming languages or calculated manually at set points of the rail.
Conclusions
For modelling of the dynamic interaction between a wheel and a rail under velocities of up to 90 km/h according to [13] one could apply expressions from the contact Hertz theory (1) in engineering analysis. The Hertz theory is valid at the following assumptions: the contact surfaces are homogeneous and isotropic; the frictional forces in the contact area can be neglected; the size of the contact area is negligible compared to the sizes of contact bodies and the characteristic radii of curvature of undeformed surfaces; for the contact problem the solution of a linear elastic half space is used; and the contact surfaces are smooth enough [14] .
By taking into account defectiveness of wheel pairs and their tread surfaces it cannot be claimed that in the contact area there is only one radius of curvature. Therefore, the Hertz theory would not provide correct results. That is why in this case depending on the defect type, velocity of a railway vehicle and geometry of the upper railway construction (the tangent or the curve of a certain radius) expressions (2) - (7) are more reliable.
